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A b a s i c  problem i n  the theory of p lane tary  and s t e l l a r  atmospheres 
i s  the  de te rmina t ion  of  the  d i f f u s e  r e f l e c t i o n  and t ransmiss ion  
p a t t e r n s .  I n  t h i s  Memorandum, prepared f o r  the  Nat ional  Aeronautics 
and Space Adminis t ra t ion,  t a b l e s  and graphs a r e  developed from t h e  
r e s u l t s  of equat ions f o r  t he  d i f fuse  r e f l e c t i o n  qnd t ransmiss ion  
c o e f f i c i e n t s .  These graphs a r e  usefu l  a i d s  f o r  developing an i n t u i -  
t i v e  understanding of how the  r e f l e c t i o n  and t ransmission c o e f f i -  
c i e n t s  a r e  inf luenced by changes i n  t h e  albedo f o r  s i n g l e  s c a t t e r i n g ,  
the  o p t i c a l  th ickness  o f  the  atmosphere, and the angle  o f  incidence.  
This work i s  p a r t  o f  a cont inuing study of numerical  methods 
of  s o l u t i o n  of r a d i a t i v e  t r a n s f e r  processes .  It  i s  an  important 
f i r s t  s t e p  toward so lv ing  r e a l i s t i c  i nve r se  problems i n  which the  
au tho r s  i n f e r  the  v e r t i c a l  s t r a t i f i c a t i o n  of  an atmosphere based 
on s a t e l l i t e  measurements of  d i f fuse ly  r e f l e c t e d  r ad ia t ion .  
V 
. 
SUMMARY 
1/67 
Diffuse reflection and transmission coefficients are computed 
for radiative transfer in homogeneous slabs of finite thickness with 
isotropic scattering. The results are summarized in graphs of these 
coefficients for a complete range of albedos and thicknesses. Repre- 
sentative tables of transmission coefficients are a l s o  included. 
v i i  
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I. INTRODUCTION 
A complete set of transmission and reflection functions has been 
computed for the problem of radiative transfer in finite homogeneous 
slabs with isotropic scattering. We give the basic equations, and 
present selected tables of transmission functions, as well as a 
graphical survey of the transmission and reflection functions for a 
full range of albedos and thicknesses. 
Consider a plane-parallel slab of finite optical thickness x, 
whose upper surface is uniformly illuminated by parallel rays of net 
flux n per unit normal area. Let u be the direction cosine of the 
incident radiation, and v be that of the emergent diffusely-scattered 
radiation. The slab is assumed t o  be homogeneous and isotropic, with 
constant albedo for single scattering 1. Let 
t(x,v,u) = the intensity of the transmitted radiation 
having direction cosine v, with direction 
cosine of incident radiation u, and thick- 
(1) 
ness of the slab x. 
Let us introduce the quantity T(x,v,u) by means of the formula, 
Similarly, we define 
r(x,v,u) = the intensity of the reflected radiation 
having direction cosine v, with direction 
cosine of incident radiation u, and thick- 
(3) 
ness of the slab x, 
2 
and we introduce the function S ,  
The T and S functions correspond to the transmission and reflection 
functions of Chandrasekhar. (1) 
It is well known that the S and T functions satisfy the 
equations, (1 , 2 , 3) 
1 
-x/u 1 aT - T + h { e  + 5 T(x,v’,u) 9) 
0 
a,= v 
1 
1 1  dv ‘ - -  as - - (- + -) s + h {l + + J s(”v’’u) T} 
u v  
0 
ax 
1 
{l+ + J- s(x’v’u’) du ’ 
0 
By allowing the thickness of the slab to approach zero, we obtain the 
initial conditions 
T(O,v,u) = 0 , S(O,V,U) = 0 . (7) 
Note that the T and S functions are symmetric in u and v. 
The integrals which appear in the basic Eqs. (5) and ( 6 )  are ap- 
proximated by Gaussian quadrature. Let N be the order of the quadra- 
ture formula, let v i = 1,2,...,N be the appropriate abscissas, and 
let w i = 1 , 2 ,  ..., N be the Christoffel weights (Ref. 3) .  We 
i’ 
i’ 
3 
'introduce the functions T (x) and S (x), x 2 0, as solutions of the 
ij ij 
system of ordinary differential equations with initial conditions 
at x = 0, 
N 
k= 1 
T..(O) = 0 
1 J  
N . 1 1 Wk 
=-(-;-+u)S..+h. l + O . 5  ' S - 
'ij 13 L kj Vk 
i j  1 k=l 
N 
1 + 0.5 L Sik Vk 1 k=l  
i = 1,2,...,N , j = lY2,...,N . 
Reflected and transmitted intensities are produced using the formulae, 
s. .(x) 
-13 
ij - 4vi 
4 
We integrate numerically the differential equations of Eq. (8) 
using a quadrature formula of order N = 7, a step size of hx = 0.005, 
an Adams-Moulton integration method, and an IBM 7044 computer. Re- 
flected intensities have bet tabulated in a previous work. (*) In 
the next section we present selected tables of the transmitted inten- 
sities, and in the third and fourth sections we give graphs of the 
transmitted and reflected intensities. The canplete survey requires 
three-quarters of an hour of computing. 
Alternatively, S and T functions may be calculated from the X 
We produce S and T functions of and Y functions of Chandrasekhar. 
from the X and Y functions computed earlier.(4) Complete agreement 
to at least four places is found. These results are consistent with 
current knowledge of source functions (5p6) and internal intensities. (7)  
The methods used here, together with the quasilinearization 
technique,(8) enable us to treat various inverse problems. (9) 
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11. SOME SELECTED TABLES OF TRANSMITTED INTENSITIES 
Transmit ted i n t e n s i t i e s  are given i n  Tables  1 through 4 f o r  f o u r  
d i f f e r e n t  s l abs .  There are seven ang les  of incidence and seven ang le s  
of t ransmission.  
scissas {vi], are 
The seven angles,  which are arc cos ines  of the ab- 
Angle lz 88.54 degrees  , 
Angle 2 % 82.57 degrees  , 
Angle 3 72.72 degrees  , 
Angle 4 2 60.00 degrees  , 
Angle 5 2 45.34 degrees  , 
Angle 6 5 29.45 degrees  , 
Angle 7 1 12.95 degrees  . 
The i n c i d e n t  ang le  is  cons tan t  i n  each row; t h e  t r ansmi t t ed  angle  is 
cons tan t  i n  each column. Thus, f o r  example, t h e  i n t e n s i t y  i n  t h e  
d i r e c t i o n  45.34 degrees  from the  normal is  6.984 x when t h e  in -  
c i d e n t  ang le  is 60.0 degrees ,  the a lbedo  is  0.1, and t h e  th ickness  
i s  1. (This i s  found i n  t h e  four th  row, f i f t h  column of Table 1.) 
6 
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111. GRAPHIC SURVEY OF TRANSMITTED INTENSITIES 
The transmitted intensities are plotted for h = 0.1, 0.2, ... 
0.9, 0.95, 1.0 in Figs. 1 through 11, respectively. In each figure 
there are three separate graphs, one for each of three incident angles 
approximately 88.5 ,  4 5 . 3 ,  and 13.0 degrees. The abscissas in each 
graph are the transmitted angles. The ordinates are the intensities 
on a logarithmic scale. Many curves are shown on each graph; these 
correspond to various optical thicknesses. Note that as the slabs 
are made increasingly thicker, limiting shapes of the intensity curves 
are obtained for all albedos. 
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IV. GRAPHIC SURVEY OF REFLECTED I N T E N S I T I E S  
Figures 12 through 22 are graphs of the reflected intensities 
plotted against the emergent angle. The three incident angles are 
about 88.5, 45.3, and 13.0 degrees. The ordinates are intensities on 
a linear scale. For all albedos but one, the intensity curves reach 
li-2 ulL~~iig c: values corresponding to the semi-infinite slab as the thick- 
ness is increased. For the case of conservative scattering (A = l), 
Fig. 22 shows the intensity patterns for the semi-infinite slab by 
means of dashed lines. 
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